A study on the mechanical and thermo-mechanical properties of carbon nanotube (CNT) reinforced nanocomposites is presented in this article. Mori-Tanaka method is used for modeling the effective stiffness and coefficient of thermal expansion. Regression formulas were developed to describe the effects of CNT orientation, aspect ratio, and CNT volume fraction. Given the statistical distributions of CNT orientations and aspect ratios, the effective properties can be conveniently derived by numerical integration using these formulas.
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Introduction
Since the discovery of multi-walled carbon nanotubes in 1991 by Iijima [1] and subsequent synthesis of single-walled carbon nanotubes (SWCNTs) [2, 3] , numerous experimental and theoretical studies have been carried out to investigate the electronic, chemical, and mechanical properties of carbon nanotubes (CNTs). SWCNT-polymer composites are theoretically predicted to have both exceptional mechanical and special functional properties that carbon fiber-polymer composites cannot offer [4] . The magnitude of the coefficient of thermal expansion (CTE) depends on the structure of the materials. For single-phase materials, CTE is determined from atomic bonding, molecular structure, and molecular assembly. An elevated temperature would increase thermal energy and lead to increasing atomic movement. Weak atomic bonding with a low bonding energy would show a large CTE owing to an increasing interatomic distance. For multi-phase materials, such as composites, the CTE is dependent on each component phase and also the interactions between each phase. Weak interface bonding between phases could not effectively incorporate the contributions of each component while strong interface bonding could compromise each ingredient for thermal-expansion properties.
Molecular dynamics (MD) predictions [5] have shown that the axial CTEs of CNTs are negative in a wide low-temperature range, and vary nonlinearly with the temperature. These axial CTEs may become positive as the temperature increases. This indicates that the CTE could be significantly reduced by adding CNTs into a polymer matrix, provided good interfacial bonding is achieved.
Wei et al. [6] investigated the CTE of SWCNT-polyethylene composites through MD simulation shows that the CTE increases with nanotube loading, which is attributed to phonon modes and Brownian motions. Guo et al. [7] studied the properties of polyacrylonitrile/SWCNT composite films and the CTE of composite was 1.7 × 10 −6°C−1 at a weight loading of 40%. Xu et al. [8] found that the CTE of SWCNT/poly(vinylidene fluoride) composites decreased with increased SWCNT content. Wang et al. [9] studied the CTEs of nanocomposites reinforced by functionalized CNTs, and found that a reduction of 52% is observed below the glass transition temperature (T g ). However, the CTE above T g increases significantly due to the contribution of phonon modes and Brownian motions. These studies show inconsistent results, which can be attributed to two competing mechanisms: (1) the high stiffness and low CTE will restrain the expansion of the matrix, causing the decrease in the CTE; (2) the phonon modes and Brownian motions increase the CTE. The resulting CTE is a combined effect of these two mechanisms, and highly dependent on the interfacial bonding.
Extensive investigations into the preparation and characterization of SWCNT-polymer composites have been reported [10, 11] . However, the properties of the composites are not as expected because of poor dispersion and weak interfacial bonding. One possible solution to acquire high-performance nanocomposites is functionalization. Some recent experimental results indicate that the mechanical properties of SWCNT-polymer composites are significantly enhanced through functionalization [9, 12, 13] , which demonstrates potential applications in structural and multifunctional materials. Halpin-Tsai equation [10, 14] , Mori-Tanaka method [15] [16] [17] , and finite element analysis [18] have been used for predicting the properties of composites. In this study, the stiffness and CTE of CNT reinforced polymer nanocomposites in various configurations, i.e., unidirectional, 2D random, and 3D random, are studied. The effects of CNT orientation, aspect ratio, and CNT volume content are investigated using Mori-Tanaka method. The distribution of CNT is characterized statistically and the corresponding stiffness and CTE are predicted. The results provide a practical insight into the reinforcing effects of CNT for polymers.
Approach 2.1. Mori-Tanaka method
The elastic and thermo-elastic properties of CNT composites are modeled using the method proposed by Taya et al. [19, 20] based on Eshelby's inclusion theory [21] and Mori-Tanaka's mean field theory [15] . It is proved by Seidel and Lagoudas [16] that the Mori-Tanaka method provides accurate results. Using the Mori-Tanaka method, the effective stiffness is given by
For a general ellipsoidal inclusion, the components of Eshelby's tensor S ijkl are dependent on the aspect ratio, and their expressions can be found in the literature [18] . For a fiberlike inclusion, e.g., CNT (x 1 = x 2 < x 3 ), the aspect ratio is given by a = x 3 /x 1 = l/d, as shown in Figure 1 . In the stiffness tensor, the longitudinal and transverse stiffness components are C 33 and C 11 , respectively. For the purpose of comparison, the normalized longitudinal and transverse stiffness components are defined as
The effective CTE of the composite is given by
The longitudinal and transverse CTEs are α 33 and α 11 , respectively. Similarly, the normalized longitudinal and transverse CTEs are defined as
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Transformation
When nanotubes are oriented at an arbitrary angle, the effective stiffness and CTE need to be transformed to the global coordinate system. This can be conveniently done using Euler angles, f, θ, and β, which are referred to, respectively, as precession, nutation, and spin, as shown in Figure 2 . For unidirectional composites, f ¼ θ ¼ β ¼ 0; for 2D random From the Euler angles, the directional cosines can be obtained, i.e.
The transformation matrix is given by
The transformation of stress tensors is given with respect to Figure 3 by
where σ and σ are the stress tensors in the global (oxy) and local (ox′y′) coordinate systems, respectively. The transformation of strain vectors is given by
where ε and ε are the strain tensors in the global (oxy) and local (ox′y′) coordinate systems, respectively. Therefore, the stiffness tensor in the global coordinate system is given by
The normalized effective stiffness as a function of orientation angle is defined as 
The CTE in the global coordinate system is given by
where α and α are the CTE in the global (oxy) and local (ox′y′) coordinate systems, respectively. The normalized effective CTE as a function of orientation angle is defined as
In addition to stiffness and CTE, Eshelby's tensors also need to be transformed in such a way that
where S is the transformed Eshelby's tensor.
Effects of parameters
The effects of CNT orientation, CNT volume fraction on the effective properties of unidirectional, 2D random, and 3D random composites were studied. Based on the data from the literature, a SWCNT loading of 1% by weight corresponds to approximately 0.743% by volume. In this study, the effective longitudinal and transverse moduli of CNT at the room temperature were taken to be 704 GPa and 346 GPa, respectively [16] . The longitudinal and transverse CTEs of SWCNTs at the room temperature were estimated to be −12 × 10 −6°C−1 and −1.5 ± 2 × 10 −6°C−1 , respectively [22] [23] [24] , which were further validated using X-ray measurements [25] . The matrix was epoxy. Its modulus and CTE are 3 GPa and 6.4 × 10 −5°C−1 , respectively. There are numerous examples in the literature, which suggest that above a critical concentration of CNTs, the properties of either drop or the reinforcement efficiency decreases considerably [26, 27] . Thus, in this study, only CNT loadings up to 5% (v/v) were considered.
Results

Effects of orientation
When the aspect ratio is 500 and the CNT volume fraction is 1%, the normalized effective stiffness vs. the orientation angle, θ, is shown in Figure 4 . The longitudinal direction of the CNT is defined to be θ = 0. From Equation (12) , it can be derived that the stiffness is a function of cos 4 θ. The relationship between the normalized stiffness and CNT orientation angle is given by
Likewise, the normalized effective CTE vs. the orientation angle is shown in Figure 5 . Similarly, the longitudinal direction of the CNT is defined to be θ = 0. From Equation (14),
it can be derived that the effective CTE is a function of sin 2 θ. The relationship between the normalized CTE and CNT orientation angle is given by
Orientation average
The effective modulus of a 2D random composite is given by taking the orientation average, i.e. International Journal of Smart and Nano Materials 7
Substituting Equation (17) into Equation (19) yields
The effective CTE of a 2D random composite is given by
Substituting Equations (17) and (18) into Equation (21) yields
Likewise, the effective stiffness of a 3D random composite is given by
Substituting Equation (17) into Equation (23) yields
Likewise, the effective CTE of a 3D random composite is given by
Substituting Equations (17) and (18) into Equation (25) yields
Aspect ratio
The effective longitudinal and transverse stiffness vs. the aspect ratio for the CNT reinforced composites at various CNT volume fractions from 1% to 5% is plotted in Figure 6 . It is shown that the longitudinal stiffness increases with the aspect ratio while little change is seen for the transverse stiffness. When the aspect ratio is greater than 100, the change in stiffness becomes less.
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The normalized effective longitudinal and transverse CTEs vs. the aspect ratio for the CNT reinforced composites at various CNT volume fractions from 1% to 5% is plotted in Figure 7 . It is shown that the longitudinal CTE decreases with the increasing aspect ratio while the transverse CTE increases with the decreasing aspect ratio. When the aspect ratio is greater than 100, the change in CTE becomes less.
CNT volume fraction
The normalized effective stiffness of the CNT composites vs. the CNT volume fraction is shown in Figure 8 for two aspect ratios, a = 10 and a = 1000, respectively. For both aspect ratios, when the CNT volume fraction is low (up to 5%), both the longitudinal stiffness and transverse stiffness of the CNT composites approximately linearly increases with the CNT volume fraction. The effective stiffness can be expressed by the following regression formulas. International Journal of Smart and Nano Materials 9
Likewise, the normalized effective CTE of the CNT composites vs. the CNT volume fraction is shown in Figure 9 for two aspect ratios, a = 10 and a = 1000, respectively. For both aspect ratios, the longitudinal CTE decreases with the increasing CNT volume fraction while the transverse CTE shows little change with the CNT volume fraction.
Regression formulas
It is shown in Figure 6 that the longitudinal stiffness vs. the aspect ratio shows a doseresponse relationship, i.e. 
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C. Dong where c 1 , c 2 , x 0 , and p are constants. It is shown from the data, as shown in Figure 6 , that c 1 and c 2 are functions of V f . The final regression formula for the longitudinal stiffness is then given by
The effective transverse stiffness is only dependent on the CNT volume fraction, and the corresponding regression formula is
In a similar way, the longitudinal and transverse CTEs can also be expressed by doseresponse formulas, which are given by 
Effects of statistical distributions
When there are CNTs of various aspect ratios in the range between a 1 and a 2 , the normalized effective stiffness is derived by taking the aspect ratio average, which is given by
Likewise, the normalized effective CTE is given by
When the aspect ratios are uniformly distributed, the normalized effective longitudinal stiffness is derived by substituting Equation (28) into Equation (34), which is given by 
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n! is the generalized hypergeometric function, and
For any other distributions, the normalized effective longitudinal stiffness can be derived via numerical integration.
For the normalized effective longitudinal and transverse CTEs, a closed form solution cannot be found, and numerical integration is needed. The effective CTE of 2D and 3D random composites can be obtained by substituting the longitudinal and transverse CTEs into Equations (22) and (26), respectively.
Uniform distributions
The stiffness and CTE for a number of uniform distributions of aspect ratios are shown in Table 1 . It is shown that when the aspect ratio is greater than 100, both the stiffness and CTE are approximately constant.
Normal distributions
The stiffness and CTE for a number of normal distributions of aspect ratios are shown in Table 2 . It is shown that if the aspect ratios are assumed to be normally distributed, the stiffness and CTE are mainly dependent on the mean.
Weibull distributions
The stiffness and CTE for a number of Weibull distributions of aspect ratios are shown in Table 3 . It is shown that the stiffness and CTE are mainly dependent on the scale If the aspect ratio a and orientation angle θ are independent of each other, the effective stiffness of 2D and 3D random composites can be obtained by substituting Equations (29) and (36) into Equations (20) and (24), respectively.
Conclusions
The stiffness and CTE of CNT reinforced nanocomposites were studied with the aid of Mori-Tanaka method. The effects of CNT volume fraction, aspect ratio, and orientation were investigated. It is shown that the effective stiffness linearly increases with CNT volume fraction from 1% to 5%. The longitudinal CTE decreases with CNT volume fraction while the transverse CTE shows little change with CNT volume fraction. The longitudinal stiffness increases with the aspect ratio while little change is seen for the transverse stiffness. When the aspect ratio is greater than 100, the change in stiffness becomes less. The longitudinal CTE decreases with the increasing aspect ratio while the transverse CTE increases with the aspect ratio. When the aspect ratio is greater than 100, the change in CTE becomes less.
Regression formulas were developed to relate the stiffness and CTE to CNT volume fraction, aspect ratio, and orientation. Using these formulas, if the distribution of CNT is known, the stiffness and CTE can be conveniently obtained by numerical integration. A number of uniform, normal, and Weibull distributions were studied. International Journal of Smart and Nano Materials 13
